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Convex integration for Lipschitz mappings 
and counterexamples to regularity 



By S. MuLLER and V. Sverak* 



1. Introduction 



In this paper we study Lipschitz solutions of partial differential relations 
of the form 

(1) Vn(x) G K a.e. in Vt, 

where u is a (Lipschitz) mapping of an open set Vt C R"" into R™, Vu{x) is its 
gradient (i.e. the matrix dui{x)/dxj , 1 < i < m, 1 < j < n, defined for almost 
every x G Q), and is a subset of the set M™^" of all real m x n matrices. 
In addition to relation (1), boundary conditions and other conditions on u will 
also be considered. 

Relation (1) is a special case of partial differential relations which have 
been extensively studied in connection with certain geometrical problems, 
such as isometric immersions. For example, the celebrated results of Nash 
[Na 54] and Kuiper [Ku 55] and their far-reaching generalizations by Gromov 
[Gr 86] showed striking and completely unexpected features of the behavior of 
C^-isometric immersions of R" to R"+^, and Lipschitz isometric immersions 
of R" to R" . A general result describing a large class of Lipschitz solutions of 
partial differential relations more general than (1) can be found in the book of 
Gromov [Gr 86, p. 218]. 

More recently, problems concerning solutions of relations of the form (1) 
have been studied in connection with the characterization of absolute mini- 
mizers of variational integrals describing the elastic energy of crystals exhibit- 
ing interesting microstructures ([BJ 87], [CK 88]). An important observation 
which came from this direction [Ba 90] is that relation (1) can have highly os- 
cillatory solutions even when the difference of any two (nonidentical) matrices 
in K has rank > 2. This situation, which does occur in some very interesting 
cases, is not covered by the theorem of Gromov mentioned above. In technical 
terms to be explained below, the reason is that Gromov's P-convex hull of the 
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set K is again K in that situation. The main result of this paper, Theorem 3.2, 
covers many of these cases and shows that in the Lipschitz case it seems to 
be more natural to work with a different hull, which is defined in terms of 
rank-one convex functions, and can be significantly larger than the P-convex 
hull. 

As an application of the theorem we give a solution of a long-standing 
problem regarding regularity of weak solutions of elliptic systems. We con- 
struct an example of a variational integral I{u) = JqFCVu), where Q is an 
open disc in R^, u is a mapping of O, into R^, and F is a smooth, strongly 
quasi-convex function with bounded second derivatives, such that the Euler- 
Lagrange equation of / has a large class of weak solutions which are Lipschitz 
but not in any open subset of fi, and have some other "wild" features. This 
result should be compared with the well-known result of Evans [Ev 86] which 
says that minimizers of I are smooth outside a closed subset of of measure 
zero. Our method also gives new conditions on F which are necessary for reg- 
ularity. The conditions arc expressed in terms of geometrical properties of the 
gradient mapping X DF{X). We expect that the method is applicable to 
other interesting problems. 

Our construction is quite different from well-known counterexamples to 
regularity of solutions of elliptic systems, such as [DG 68], [GM 68], or 
[HLN 96]. Wc should emphasize, however, that our method docs not apply 
when F is convex. Very recently wc became aware of the work of Sclicffer 
[Sch 74], in which important partial results, including counterexamples, re- 
lated to the regularity problem for the elliptic systems described above were 
obtained. It seems that the work was never published in a journal and has not 
received the attention it deserves. The point of view taken in that paper is im- 
plicitly quite similar to ours and in particular the T4-configurations discussed 
in Section 4.2 play an important role in Scheffer's work. At the same time, the 
new techniques we develop enable us to answer questions which [Sch 74] left 
open. 

2. Preliminaries 

Let us first recall the various notions of convexity related to lower-semi- 
continuity of variational integrals of the form I{u) = Jq/CVu), where is a 
bounded domain in R", u:il R™ is a (sufficiently regular) mapping, and 
/: M"*^'* — > R is a continuous function defined on the set M"*^" of all real 
mxn matrices. 

A function /:M'"^" R is quasi-convex if J^if{A + V^p) - f{A)) > 
for each A G jii^mxn each smooth, compactly supported 99: ^2 — > R™. This 
definition was introduced by Morrey (see e.g. [Mo 66]) who also proved that 
the quasi-convexity of / is necessary and sufficient for the functional I to be 
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lower-semicontinuous with respect to the uniform convergence of uniformly 
Lipschitz functions. It is also necessary and sufficient for the weak sequential 
lower-semicontinuity of / on Sobolev spaces R™"), if natural growth 

conditions are satisfied; see [Ma 85] and [AF 87]. The definition of quasi- 
convexity is independent of as can be seen by a simple scaling and covering 
argument ([Mo 66]). In fact, we have the following simple observation made 
by many authors: 

Lemma 2.1. Let T** be a flat n- dimensional torus. A function f: M™'^" 
— > R is quasi-convex if and only if Jrpn{f{A + V^p) — /(^)) > for each 
A e M'"^^" and each smooth (p: T" ^ R'". 

The reader is referred to [Sv 92a] for a proof of this statement. 

We also recall that, with the notation above, f-^M"^^"^ ^ R is strongly 
quasi- convex if there exists 7 > such that J^{f {A-^-V tp) — f (A)) > 7 /q |V(^p 
for each A G JVf"^" and each smooth, compactly supported ip:Q ^ R™. This 
notion appears naturally in the regularity theory; see for example [Ev 86]. 

A function /: M"^^^ — > R is rank-one convex if it is convex along any 
line whose direction is given by a matrix of rank one, i.e. t f{A + tB) is 
convex for each A e M"*^" and each B e M"*^" with rankS = 1. This class 
of functions will play a particularly important role in our analysis. It can be 
proved that any qiiasi- convex function is rank-one convex, but the opposite 
implication fails when n > 2, m > 3 ([Sv 92a]). (The case n > 2, m = 2 is 
open.) 

We will also deal with functions which are defined only on symmetric 
matrices. We will denote by 5'"^"' the set of all symmetric n x n matrices. 
The notions introduced above for functions on M™^" can be modified in the 
obvious manner to apply to functions on symmetric matrices. For example, 
a function ^ R is quasi-convex, if J^{f{A + V^cf)) - f{A)) > for 

each A G gi^xii ^nd each smooth, compactly supported </>: Q ^ R. Again, 
the definition is independent of and, in fact, can be replaced by any fiat 
n-dimensional torus. 

In the rest of this section we examine in more detail facts related to rank- 
one convexity. 

Let O C M™^" be an open set and let /: O ^ R be a function. We 
say that / is rank- one convex in O, if / is convex on each rank-one segment 
contained in O. It is easy to see that every rank-one convex function /: O — *^ R 
is locally Lipschitz in O. 

Wo will use V to denote the set of all compactly supported probability 
measures in M"^^"'. For a compact set K C M™'^" we use V{K) to denote 
the set of all probability measures supported in K. For G "P we denote by u 
the center of mass of f , i.e. V — Jj^mxn Xdv(^X^. 
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Following [Pe 93] , we say that a measure G P is a laminate if {v, f) > 
f{i>) for each rank-one convex function /: M"*^" — > R. At the center of our 
attention will be the sets V'^'^{K) = {z/ G V{K), is a laminate}, which are 
defined for any compact set K C M™^". 

For A G M*"^"" we denote by 5a the Dirac mass at A. 

Let O be an open subset of M^^'^. Assume v ^ V is oi the form v = 
^j^Aji with Aj e O, j = 1, . . . ,r, and Aj ^ A^ when j ^ k. We say 
that v' ^ V can be obtained from v by an elementary splitting in O if, for 
some j G {l,...,r}, and some A G [0,1], there exists a rank-one segment 
[Bi,B2\ C O containing Aj, with = (1 — s)Bi + sB2, such that u' = 
u + AAj((l - s)5bi + sSb2 - Saj)- 

We now define an important subset C{0) of laminates, called laminates 
of a finite order in O. By definition, u G C{0) if there exists a finite sequence 
of measures z/i, . . . , i/^ such that vi = 6a for some A £ O, Vm = and i^j+i 
can be obtained from Vj by an elementary splitting in O for j = 1, . . . ,m — 1. 
When O = M"^", the measures in C{0) = /:(M™^") are called laminates of 
a finite order (i.e. wc do not refer to the set O in that case). 

Let K he a compact subset of M™^". The rank-one convex hull K^^ C 
j^mxn jg defined as follows. A matrix X does not belong to K^'^ if and 

only if there exists /: M'"^" — > R which is rank-one convex such that / < 
on K and f{X) > 0. Wc emphasize that this definition will be used only when 
K is compact. For open sets O C Af™^", wc define the rank-one convex hull 
O"^ of O as O"^ = U{ir'^ i<" is a compact subset of O}. With this definition 
we have the property that the rank-one convex hull of an open set is again an 
open set, which will be useful for our purposes. 

We refer the reader to [MP 98] for interesting results about rank-one con- 
vex hulls of closed sets. The following theorem, which is a slight generalization 
of a result from [Pe 93] , will play an important role. 

Theorem 2.1. Let K be a compact subset of M"^^"^ and let v G V'"'{K). 
Let O C M"*^" be an open set such that K^"^ C O. Then there exists a sequence 
Vj G C{0) of laminates of a finite order in O such that i>j = v for each j and 
the Vj converge weakly* to v inV. 

As a preparation for the proof of the theorem, we prove the following 
lemma. 

Lemma 2.2. Let O be an open subset of M'^'''^ . Let f:0 ^ R be a 
continuous function and let Rof- O — > R U {— oo} be defined by 

Rof = supj^i, g:0 ^R is rank-one convex in O and g < /}. 

Then for each X eO, Rof{X) = inf{(i/, /), u G £(0) and v = X}. 
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Proof. Let us denote by / the function in O defined by f{X) = inf{(i/, /), 
u G j0.{O) and i> = X}. Clearly Rof < f in O. On the other hand, we 
see from the definition of the set J0-{0) that it has the following property: if 
1^1,^2 £ ^(C*), and the segment [1^1,1^2] is a rank-one segment contained in O, 
then any convex combination of vi and 1^2 is again in C{0). Using this, we 
see immediately from the definitions that / is rank-one convex in O and hence 

Rof = f. 

Proof of Theorem 2.1. Let v G V^^{K) and let = ^ be its center of mass. 
Prom the definitions we see that A G JC^. We choose an open set U C M"*^" 
satisfying K''' C U C U C O and define = G £([/),// = ^}. We 
claim that the weak* closure of contains v. To prove the claim, we argue 
by contradiction. Assume u does not belong to the weak* closure of T. Since 
is clearly convex, we see from the Hahn-Banach theorem that there exists 
a continuous function /: C7 ^ R such that {1^, f) < inf{(^, /), /x G C{U) and 
p, = A}. By Lemma 2.2, we have inf{(;U, f), fi ^ ^{U) and jl = A} = Ruf{A). 
We see that the function / = Rjjf'- J7 ^ R is rank-one convex in U and satisfies 
(z^, /) < (z^)/) < /(j^)- By Lemma 2.3 below, there exists a rank-one convex 
function F: M"*^" R such that F = f on K'^'^. We conclude that v cannot 
belong to V'^'^{K), a contradiction. The proof is finished. 

Lemma 2.3. Let K C M"^^" be a compact set, let O he an open set 
containing K^^ {the rank-one convex hull of K) and let f:O^Ii be rank- 
one convex. Then there exists F:M"^^^ —>■ R which is rank-one convex and 
coincides with f in a neighborhood of K^^. 



Proof. We claim there exists a nonnegative rank-one convex g: M"*^" 
—!■ R such that K^^ = {X, g{X) = 0}. To prove this, we choose i? > so 
that K C Bri2 = {X, |X| < R/2] and define gi: Br ^Yihy 

g,{X) = snp{f{X), f-.BR^-R, 

f is rank-one convex in Br and / < dist {■ ,K) in Br}. 

The function 171 is obviously nonnegative and rank-one convex in Br. More- 
over, {X G Br, gi(X) = 0} D K and from the definition of K'^'^ we see that 
5i > outside K'^'^. We now define 

' max {gi{X), 12\X\ - 9R) when X e Br 
12\X\ - 9R when \X\ > R. 

Clearly g is rank-one convex in a neighborhood of any point X with \X\ ^ R. 
Since gi{X) < 2\X\ when |X| = R, wc see that we have g{X) = 12|X| — 9R in 
a neighborhood of {|X| = R}. Wc sec that g is nonnegative, rank-one convex 
in M"*><", {X,g{X) = 0} d K, and {X,giX) > 0} n K'"^ = 0. Therefore 
{X,g{X)=0} = K' 



9{X) 
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We can now finish the proof of the lemma. Replacing / by / + c, if 
necessary, we can assume that / > in a neighborhood of K^'^. For A; > 
we let Uk = {X e O, f{X) > kg{X)}. We also let Vk be the union of the 
connected components of Uk which have a nonempty intersection with K'^^. 
It is easy to see that there exists /cq > such that V^q C O. We now let 
F{X) = f{X) when X G Vk^ and F{X) = kog{X) when X G M"*^" \ 
It is easy to check that the function F defined in this way is rank-one convex 
on M'"^^". 

3. Constructions 

Throughout this section, J7 denotes a fixed bounded open subset of R". 
We will use the following terminology. A Lipschitz mapping u:Q^ R"* is 
piecewise affine, if there exists a countable system of mutually disjoint open 
sets ^Ij C O which cover up to a set of zero measure, and the restriction of 
u to each of the sets Uj is affine. 

Following Gromov ([Gr 86, p. 18]) we also introduce the following concept. 
Let J-{^}, R™) be a family of continuous mappings of into R™. We say that a 
given continuous mapping vq-.O,^ R™ admits a fine -approximation by the 
family ^(Q, R™) if there exists, for every continuous function e: $7 — > (0, oo), 
an element v of the family R"*) such that \v{x) — vo{x)\ < £{x) for each 
X eQ. 

3.1. The basic construction. The main building block of all the solutions 
of relation (1) which we construct in this paper is the following simple lemma. 

Lemma 3.1. Let A,B e M'"^" be two matrices with rank(B - ^) = 1, 
let b G R™, < \ < 1 and C = {1 - X)A + XB. Then, for any < S < 
\A — B\/2, the affine mapping x —>■ Cx + b admits a fine -approximation 
by piecewise affine mappings u:0,^ R'" such that dist (Vu(a::), {^, .6}) < 6 
almost everywhere in O, meas {x G \Vu{x) — A\ < 6} = {1 — X) meas O, and 
measjxGO, \Vu{x) — B\ < 6} = XiaeasQ. 

Proof. We first note that it is enough to prove the lemma only for 
a special case when the function e{x) appearing in the definition of a fine 
C'^-approximation is constant and the function approximating the function u 
satisfies the boundary condition u{x) = Cx + b ioi x G dO.. This can be seen 
by considering a sequence of open sets which are mutually disjoint, satisfy 
Clj C il, and cover O up to a set of measure zero. 

To prove the special case, we note that we can assume without loss of 
generality that A = —Xa ® Cn, B = (1 — X)a (8> e„, and C = 0, where a G R™ 
and Cn = (0,...,0, 1) G R". We define /i:R ^ R and w.W IV^ by 
h{s) = (|s| + (2A— l)s)/2 and w{x) = amax(0, 1 — |a;i| — . . . — \xn-i\—h{xn)). We 
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choose a small 5' > 0, and set v{x) = d'w^xi, . . . , Xn-i, Xn/S'). We also let uo = 
{x, v{x) > 0}. We check by a direct calculation that dist {Vv{x), {A, B}) < 
(n — l)|a|5' for almost every x G w. We clearly also have v{x) = when x ^ duo. 
By Vitali's theorem we can cover up to a set of measure zero by a countable 
family {a;,} of mutually disjoint sets of the form uji = yi + ViUJ (with yi G R** 
and Ti G (0, e)). We let u{x) = riv{r^^{x — yi) when x G uJi, and u{x) = if 
X G O \ UiWi. It easy to check that u satisfies the required conditions, provided 
6' is sufficiently small. 

Lemma 3.2. Let v e P(M"*^"') be a laminate of a finite order, let A = v 
he its center of mass. Let us write v = Z^5=i ^jSaj with Xj > and Ai ^ Aj 
when i ^ j, and let 

Si = mm{\Ai - Aj\/2; l<i<j<r}. 

Then, for each b G R"*, and each < S < Si, the mapping x Ax+ b 
admits a fine -approximation by piecewise affine mappings u satisfying 
dist (V'u(x), {Ai, . . . , Ar}) < 6 a.e. in Q and 

meas {x G il, dist {Vu{x),Aj) < 5} = Xj meas Q, 

for each j G {1, . . . , r}. 

Proof. This can be easily proved by applying iteratively Lemma 3.1 in a 
way which is naturally suggested by the definition of the laminate of a finite 
order. We outline some details for the convenience of the reader. Let 5a = 
ui,U2, ... ,1^1X1 = be a sequence of measures such that Vj+i can be obtained 
from Vj by an elementary splitting in M"*^". If m = 1, there is nothing to 
prove, if m = 2, our statement is exactly Lemma 3.1. Proceeding by induction 
on m, let us assume that the lemma has been proved for v replaced by Vm-i- 
Let us write i^m-i = Si=i ^'j^A'i with ^ A'^ when k ^ I. Since v = v^n can 
be obtained from Vm-i by an elementary splitting, 

V = Um-l + XX', Ml - s)6bi + s5b2 - ^A'. ) 

JO 

for some A G [0, 1], s G [0, 1], jo G {1, . . . , r'}, and a rank-one segment B2] 
containing A'j^. By our assumptions, for any sufficiently small < 6' < 5/2, 
the map x — > Ax + b admits a fine C'^-approximation by piecewise affine maps 
u' satisfying dist (Vu'(x), {A[, . . . , A'^,}) < 5' a.e. in Vt and 

meas {x G fi; dist {Vu {x), A'j) < 6'} = X',j meas $7. 

For any such u' we can find an open set Q,' dO. such that dist {S/ii! [x), A'^^/) < 6' 
in Q,', raeasQ' = A meas {x G dist {Vu'{x),AjJ < 5'} = XXj^ meas $7, and u' 
is piecewise affine in Jl'. Let $7^ C Jl', A; = 1, 2, ... be mutually disjoint open 
sets which cover W up to a set of measure zero such that Vu' = A^ = const in 
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Oj^, with \Ak — A'jJ < 6'. We now adjust u' by applying Lemma 3.1 on each 
n'^ with A = Bi + Ak- A'j^, B = B2 + Ak - A'j^, C = Ak, 6 = 6', and the 
proof is easily finished. 

3.2. Open relations. We recall that the rank-one convex hull O"^^ of an 
open set O C M"*^" is, by definition, the union of the rank-one convex hulls of 
all compact subsets of O. The main result of this subsection is the following. 

Theorem 3.1. Let O C M"*^" be open, and let P C 0"^ be compact. 

Let uq: — >■ R"* be a piecewise affine Lipschitz mapping such that Vno(x) G P 
for a.e. x € Q. Then uq admits a fine -approximation by piecewise affine 
Lipschitz mappings O — >■ R™ satisfying Vu{x) G O a.e. in ft. 

Proof. As a first step, we prove the following lemma. 

Lemma 3.3. Let K c M"*^" be a compact set and let U C M"*^" 
be an open set containing K. Let v G ^^^^{K) and denote A = i>. Let 
b G R™. Then, for any given 5 > the mapping x Ax + b admits a fine 
C^- approximation by piecewise affine mappings u satisfying Vu{x) G a.e. 
in Q. and meas {x G Vl, Vu{x) G C/} > (1 — 5) meas Q,. 

Proof. By Theorem 2.1 there exists a laminate /i of a finite order which is 
supported in a finite subset of U'^'^ and satisfies Jl = u and ii{U) > (1 — 5). Let 
us write fi = J2'jZi ^j^Aj, so that Si = min{|^fe — Ai\/2; l<k<l<r}>0. 
We choose < 6' < 5i so that each Ak £ U is at distance at least 5' from the 
boundary dU. From Lemma 3.2 we sec that the map x Ax + b admits a fine 
C°-approximation by piecewise maps u such that dist (Vu(x), {Ai, . . . , yl^}) 
< 6' a.e. in $7 and measjx G il; dist (Vtt(a;), < 5'} = A^measO for j = 
1, . . . , r, and our lemma immediately follows. 

Theorem 3.1 can now be proved by repeatedly applying Lemma 3.3 in 

the following way. We first choose a sequence of compact sets Ki , K2 , . . . C 
j\^mxn^ a sequence of open sets Ui, U2, . . . C M™^", and a compact set Q C 
j^^mxn g^ct^ ^Yiat P = Ki C Ui C K2 C U2 C ... C Q C O'". We also 
choose < S < 1. Let e = e{x) > be a continuous function on J7. In the 
first step wc apply Lemma 3.3 to approximate uq up to e/2 by a mapping 
ui satisfying Vtii(x) G Uf^ a.e. in fi, together with meas {x G fi, Vni(x) 
G Ui} > (1 — 6)measQ,. We now modify ui on those subregions of O where 
Vni(a;) does not belong to Ui by applying Lemma 3.3 again. We obtain a new 
mapping, U2, which approximates ui up to e/4, coincides with ui a.e. in the 
set {x G ^l, Vni(x) E Ui}, and satisfies Vu2(.t) G f/l'^ a.e. in 0, together with 
meas {x G O, Vu2{x) G U2} > ((1 — S) + 5{1 — 6)) meas ^l. By continuing this 
procedure we get a sequence Uk of mappings which is easily seen to converge 
to a mapping u which gives the required approximation of uq. 
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Remark. From the proofs of Lemma 3.2, Lemma 3.3, and Theorem 3.1 it 
is easy to see that Lemma 3.2 remains true if is a laminate (not necessarily 
of finite order) which can be written as a finite convex combination of Dirac 
masses. 

3.3. Closed relations and in- approximations. When considering rela- 
tion (1) for closed sets K, it is natural to try to construct solutions by combin- 
ing Theorem 3.1 and a suitable limit procedure. For simplicity we will assume 
in this section that K is compact. Following Gromov ([Gr 86, p. 218]) we say 
that a sequence of open sets {Ui}^^ is an in- approximation of K if Ui C Uf'^i 
for each i, and supxeUi ^'^^^ i-^i ^) ^ as i ^ oo. (The definition does not 
require that each point of K can be reached by a sequence Xj G Uj.) 

Theorem 3.2. Assume that a compact set K c M™^" admits an in- 
approximation by open sets Ui in the sense of the definition above. Then any 
C^-mapping v.Q,^ R'" satisfying Vv{x) £ Ui in Q admits a fine C^-approxi- 
mation by Lipschitz mappings -u: f2 — > R"^ satisfying Vu{x) G K a.e. in 

Proof. By the same argument as in the proof of Lemma 3.1 it is enough 
to prove the statement only in the case when the function e = e{x) in the 
definition of a fine C^-approximation is constant. 

Let p: R" ^ R be the usual mollifying kernel, i.e. we assume that p is 
smooth, nonnegative, supported in {x, \x\ < 1}, and J p = 1. For e > we let 
p£ = e~"p(x/e). For a function w G L^(ri) we define pe * w in the usual way, 
by considering u; as a function on R'* with w = outside CI. In other words, 
Pe * w{x) = ^ w{y)ps{x - y) dy. 

We start the proof by choosing (^i > (the exact value of which will be 
specified later) and by approximating f by a piecewise affine iti: O — > R™ with 
\ui — v\ < 5i in fi, Ml = on dO,, and Vui G Ui a.e. in (We recall that in 
this paper "piecewise afhne" allows for countably many affine pieces.) We also 
choose £1 > so that \\Vui * p^^ — Vni||^i(-f^) < 2~^. 

Using Theorem 3.1 together with an obvious inductive argument, we con- 
struct a sequence of mappings Uj: O — >■ R"* and numbers < < 2~', (5j > 
satisfying 

a.e. in J7 , 

on , 







G 






Ui 




V 




iLi(n) 


< 










SiSi 




- Ui\ 


< 





in O . 

The mappings Ui converge uniformly to a Lipschitz function -u: J7 — > R"*. We 
also have |u — v | < J2i \ui+i — Ui\ -\- \ui — f | < 25i. It remains to prove that 
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Vw G K a.e. in This will be clear if we establish that Vuj — > Vu in 
We can write 

llVwi - Vtx||z,i(n) < llVui - Vui * 

+ l|V^x*p£. - VM||i,i(n) 

+ llVui - Vn*p£.||ii(Q). 

The first two terms on the right-hand side of this inequality clearly con- 
verge to zero as i ^ oo. Defining $7^ = {x G $7, dist(x, c?fi) > 2£j} we can 
estimate the third term as 

\\{ui-u)* Vpei I + 1 1 Vuj - V^l |Li(n\ni) < — I l^^i - "I loo + meas {n \ fij) , 

where c and C are constants depending only on p and the Lipschitz constant 
of Ui — u, respectively. 
We have 

oo oo 

||'"i-'"||oo < ^Wuj - Uj+l\\oo < X] ^ 
j=i j=i+l 

Hence the third term can be estimated by 

2cSi+i/ei + C meas (O \ Oj) < 2cSi + C meas \ fij) 

which converges to zero as z ^ oo. The proof is finished. 

Remark. The explanation of the strong convergence of Viij is more or less 
the following. We can achieve a very fast convergence of ui in the sup-norm. It 
may seem that this is not enough to say much about the convergence of Vwj. 
However, in the proof we choose the parameters in such a way that \\ui — u\\^ 
is very small in comparison with a typical length over which Vuj changes 
significantly (in an integral sense). Therefore, as regards the convergence of 
Vuj, we get a situation which is in a certain sense similar to the simple case 
when the functions ui are affine in $7. This is the main reason we get the strong 
convergence. The above argument is taken from [MS 96]. A different approach 
can be found in [DM 97]. 

4. Applications to elliptic systems 

Let Vt C be a disc. For (sufficiently regular) mappings u:Q ^ we 
consider the functional I[u) = Jq F{Vu{x)) dx, where F is a (smooth) function 
on the set M^^^ of all real 2x2 matrices, which satisfies certain "ellipticity 
conditions". More precisely, we will require that F be strongly quasiconvex 
and that its second derivatives be uniformly bounded in M^^^. 
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The purpose of this section is to show how we can apply the results above 
to construct weak solutions of the Euler-Lagrange equation 



of the functional I which are Lipschitz, but not continuously differentiable on 
any open subset of CI. This is in sharp contrast with regularity properties 
of minimizers of /, see, for example [Ev 86]. In fact, we prove the following 
slightly stronger statement. 

Theorem 4.1. There exists a smooth strongly quasiconvex function 
i^o:M2x2 R with \D'^Fo\ < c in M^^'^ four matrices v4i, . . . ,7^4 € M^x^, 
£ > and 6 > such that the following is true. Let F:M'^^'^ ^ R 6e a 
C^-function satisfying \DF{Aj)-DFoiAj)\ < 5 and F {Aj) - D'^ Fo{Aj)\ < S 
for j = 1,2,3,4. Then each piecewise C^-function v:^ ^ satisfying 
\Vv\ < e a.e. in Q, admits a fine C^- approximation by Lipschitz mappings 
u: Q — > which are not on any open subset of ^ and are weak solutions 
of the equation div DF(Vu) = in ^l. 

The theorem will be proved in Section 4.4, after we establish some useful 
facts about quasiconvex functions and rank-one convex hulls. The idea of the 
construction is the following. We rewrite equation (2) as a first-order system 



and then show that the strong quasiconvexity does not prevent the rank-one 
convex hull of K from being large. (We note that the strong quasi-convexity 
does exclude any nontrivial rank-one connections in K; see [Ba 80].) Wc can 
then use the methods developed in the previous sections to construct the de- 
sired solutions. Moreover, it turns out that the situation is stable under the 
perturbations of Fq which are allowed in the theorem. 

Remark. In [Sch 74] Scheffer constructs counterexamples to partial regu- 
larity of solutions of equation (2) with F rank-one convex and with u in the 
Sobolev space W^'^. 

One way to write equation (2) in the form (3) is the following. We denote 

by J the matrix ^ ^ ^ ^ . The condition that the 2x2 tensor DFCVu) be 
divergence-free is equivalent to the condition that DF{Vu)J be the gradient 



of a function u:Q, ^ Yi? . We now introduce $7 — > R"^ by w = _ . We 



(2) 



diY DF{Vu) = 



(3) 



Vw e K 
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also let K be the set of all 4 x 2 matrices of the form ( t^^^-. j ) > where X 

runs through all 2 x 2 matrices. It is clear that, in this notation, system (2) is 
equivalent to system (3). 

4.1. Quasiconvex functions. We begin by describing a quasi-convex func- 
tion which will play an important role in our construction using notation in- 
troduced in Section 2. We define /q: 5^^^ ^ R by /o(-'^) = detX when X is 
positive definite and by fo{X) = otherwise. 

Lemma 4.1. The function /o is quasiconvex on 5^^^. 

Proof. This result is proved in [Sv 92b]. In that paper the proof is actually 
carried out for a more general class of functions. We give a simple version of 
the proof here, for the convenience of the reader. Let = {a:; G R^, |x| < 1} 
and let 0: fi — >^ R be smooth and compactly supported in CI. We must prove 
that for each A € S'^^'^ have Jf^{fo{A + V'^(/)) - fo{A)) > 0. This is obvious if 
A is not positive definite, since then we integrate a nonnegative function. If A 
is positive definite, we can assume A = I hy a simple change of variables. Let 
uo{x) = lx|^/2 and u{x) = uo{x) + (j){x). We also set if = Vn, which will be 
viewed as a map ip:Q, ^ R^. Finally, we let E = {x G Q, det V(p{x) > 0}. We 
must prove that det V93 > meas (Q). Since det 99 > on i?, we can use the 
area formula ([Fe 69]) to infer that it is enough to prove O, C (p{E). Consider 
an arbitrary 6 G Jl and let a G O be a point where the function x ^ u{x) — b-x 
attains its minimum in Cl. It is easy to verify that a E and hence ip{a) = b 
and a E E. We see that CI C ip{E) and the proof is finished. 

In what follows we will use the following notation: for X G M^^^ we let 
^sym = {X + X*)/2 and X^y^ = {X - X*)/2. 

Lemma 4.2. Let f: S^^^ -^H be a smooth function such that \D'^f\ < c 
in S"^^^. Assume that f is strongly quasi-convex in the sense that for some 
> we have J-^2{f{A + V'^cp) — f{A)) > 7 /j^2 |V^(/)p for all smooth, com- 
pactly supported 4>: R^ — > R. Then for sufficiently large n > Q the function 
/:M^^^ — > R defined by f{X) = /(-X^sym) + '^|-X^asymP is strongly quasi-convex. 

Proof. Let be the two-dimensional torus R^/Z^. Let R^ be 

a smooth function and let A G M^^^. We want to prove that 



/ 



(/(A + V^)-/(^))>7/2/ |V<^p 



Let us consider the Helmholtz decomposition = Vcj) + V'^'q + a oi ip, where ^ 
and rj are scalar functions, V-^rj = JVrj (with J as above), and a is a constant 
vector. We have V(f = V'^(f>-'rW-^ri. Set Y = (VV-'-r7)sym- A standard calcu- 



CONVEX INTEGRATION FOR LIPSCHITZ MAPPINGS 



727 



lation (involving integration by parts and the use of the identity Jrj,2 det V^jy 

= 0) gives /t^I^P = /T2|V2r?|V2 = /T2(Ary)V2 = /t2 |(VV^??)a.ymp. We 
can write 

[ (f{A + Vip)-fiA)) 

= / (/(Asym + V^c/,) - /(^,y^)) 

+ / (/^l^asym + (VV"'"77)asymP ~ /^lAasymP) 
+ [ (/(Asym + V20 + y)-/(Asy„, + V2(/,)) 

= I + 11 + III. 

We have / > 7 /t2 I V^^^p by our assumptions and Lemma 2.1. The second 
term can be evaluated as // = Jrj,2K\Y\'^ by using the calculation above and 
the fact that /x2V^?? = 0. Finally, the third term can be written as 

III = [ (/(^sym + VV + >^)-/(Aym + V'</.)-I)/(Asym + VV)n 

+ / {Df{A,y^ + V^<f>) - Df{A,y^))Y 

> -[ {c/2\Yf + c\V'cP\\Y\) 

> -[ (7/2|V^0p + c/2|yp + cV(27)|i^P). 

We obtain the right inequality when k > 7/2 + c/2 + 0^/(27). The proof is 
finished. 

Lemma 4.2 cannot be directly applied to the function /o from Lemma 4.1. 
However, we can modify /o in the following way. We consider a smooth mollifier 
u> on 5'^^2 ^iiich is supported in the ball of radius 1/8 centered at and 
satisfying Jg2x2UJ = 1, Jg2x2Xuj{X) dX = 0, and X52X2 det{X)oj{X) dX = 0. 
We let fi{X) = max(/o(X), \X\^ - 25) and /s = fi*uJ. We note that /2(X) = 
fo{X) when \X\ < 5 and the open ball 1 is contained in the set of the 
positive definite matrices. Choosing a small 7 > (to be specified later) and 
setting f3{X) = f2iX) + 7|Xp, we denote by /a the strongly quasi-convex 
extension of /s to M^^^ obtained in Lemma 4.2 (for a suitable k). 

Let T = ^ J J j . We define 0: M2x2 m2x2 by 6* • X = TXJ^, where 

J is the rotation by -7r/2 introduced above. Note that the diagonal matrices 
are invariant under 6 and that 9 restricted to the diagonal matrices can be 
thought of as a rotation by 7r/2. The same is true for anti-diagonal matrices, 
by which we mean the matrices of the form TX, where X is diagonal. Therefore 

= -Id. 
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We now define a function f^-.Al'^^'^ 

( - 

role in our construction. Let H = ' ^ 







-t 



R, whicli will play an important 
I , and set 



h{x) = Y^Me-''-x-H). 

k=0 

It is easy to see that /4 satisfies f4{0 ■ X) = f4{X) for each X G M^^^ and 
therefore Df4{9 ■ X) = ■ Df4{X) for each X € M2x2. (We note that the 
restriction of /4 to the diagonal matrices vanishes in the square given by the 
matrices 6^ ■ H, /c = 0, 1, 2, 3, and on the half-lines originating aX 9^ ■ H and 
passing through 0^~^^ ■ H, where k = 0,1, 2, 3.) 
We now let 



A 



3 




1 
3 



A, 



-3 
1 



A4 



-1 





-3 



noting that A^+i = 
/ i + 147 

I 1 + 27 



9*^ ■ Ai, k = 1,2,3. By a direct calculation, Df4{Ai) = 
I . By considering functions of the form ^al-'^P + /3f4{X) 



we can easily obtain the following lemma, by choosing suitable positive a, (3, 
and 7. 

Lemma 4.3. There exist a smooth, strongly quasi- convex function Fi: M^^^ 
— >■ R with uniformly bounded D^F\ which satisfies {in the notation introduced 

above) Fi{9 ■ X) = Fi{X) for each X and DFi{Ai) = ' ^ ^ » 



3 



Proof. See above. 



The set K corresponding to the function F = Fi (see the beginning of 

[DFi{Ak)J^ 



the section) contains the matrices 
matrices 



k = I, . . . ,4. These are the 



/3 


0^ 











-1 







3 





-1 





3 


V3 








0/ 



3 \ 

1 

1 

V-3 oy 





-1 









-3 







-3 


V 


-1 


0/ 



4.2. Deformations of T4- configurations. Let us consider four mxn matri- 
ces Ml, . . . , M4. We say that Mi, . . . , M4 are in T4-configuration (see Figure 1) 
if rank (Mj — Mj) ^ 1 for all i,j, and if there exist rank-one matrices Ci , . . . , C4 
with Y,k = 0, real numbers ki, - ■ ■ K4 > 1, and a matrix P G M'^^^ such 
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that 

Ml = P + KiCi, 

M2 = P + Ci + K2C2 , 

M3 = P + C1 + C2 + KSC3, 

M4 = P + + C2 + C3 + ^4^4- 

This configuration was discovered independently by several authors. We 
are aware of [Sch 74], where it is used in a similar context as below, [AH 86], 
and [Ta 93], where it is used in a different context. Slightly different exam- 
ples exhibiting similar features were also independently discovered in [NM 91] 
and [CT 93]. The paper [BFJK 94] contains an interesting example using a 
T4-configuration. The following observation appears in [AH 86], [Ta 93] and 
implicitly also in the other papers. 




Figure 1. A r4 configuration with P^ = P, P2 = P + Ci, P3 = 
P + Ci + C2, P4 = P + Ci + C2 + C3. The lines indicate rank-1 
connections. Note that the figure need not be planar. 

Lemma 4.4. If Mi, . . . , M4 are in T4- configuration, the rank-one convex 
hull of the set {Mi, . . . , M4} contains the points Pi = P, P2 = P + Ci, P3 = 
P + Ci + C2, P4 = P + Ci + C2 + C3. For each point X in the rank- one convex 
hull there exists a unique laminate n = Y1 l^i^Mi with center of mass X. 

Proof. To see this, let us consider a rank-one convex function f;M'^^"' 
— > R which vanishes at the points Mi, . . . , M4. We have 

/(P,+l) < l/Kif{Mi) + (1 - l/Ki)f{Pi) = (1 - l/Ki)f{Pi) 

for each i, where the indices are considered modulo 4. Applying this recursively, 
we get that /(Pj) < for each i. Uniqueness is obvious if the Mi span a three 
dimensional affine space. If all four matrices lie in a plane one can introduce 
coordinates x, y along the rank-one directions in this plane and exploit the fact 
that the function g{x,y) = xy satisfies {fJ-,g) = g{p)- 
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Example. For future reference, let us calculate the coefficients ni above 
for X = Pi. We let /3i = 1 — l/zcj, z = 1, . . . ,4. Using recursively the identity 
Pj+i = (1 — Pi)Mi + PiPi (where the indices are considered modulo 4), wc get 
easily the following expression for the laminate fi supported in {Mi, . . . , M4} 
with p, = Pi: 



The matrices M° at the end of subsection 4.1 are in r4-configuration, as 
one can see by taking 





-1 






( 2 


0^ 













-1 


, Ci = 













2 







-1 











2 


v 


-1 


J 




I 2 


J 






0/ 



and C3 = — Ci, C4 = — C2, Ki = K2 = = '«4 = 2. The matrices also lie in 
the set 

given by the quasi-convex function Fi constructed in Lemma 4.3. This shows 
that the rank-one convex hull K^i of Ki is nontrivial. We now wish to establish 
that K^i is sufficiently large, so that we can apply Theorem 3.2. We will 
see later that rather than trying to work with the specific function Fi, it 
is more convenient to work with a small perturbation F = Fi ^ eV of Fi, 
where F is a compactly supported smooth function, the properties of which 
will be specified later. For the moment we will only assume that F satisfies 
DF{Ak) = DFi{Ak) for k = 1,2,3,4, where the matrices A}- are the same 
as in Subsection 4.1 . We also denote hy K C M^^^ the set corresponding 
to F. By our assumptions we know that K contains a T4-configuration given 
by the matrices M^, k = 1,2,3,4 defined above. It is natural to investigate 
deformations of this T4-configuration. In other words, we will investigate four- 
tuples Ml, . . . M4 such that, for /c = 1, . . . , 4, Mj^ is close to M^, e K, and 
Ml, . . . M4 are in r4-configuration. 



We introduce the following notation. 

ei =(1,0), 62 =(0,1), 

fi =(2,0,0,2), /2 =(0,2,2,0), 

C? = /l ® ei , = /2 ® 62 , 

03 — — Ui , O4 — — U2 , 

po =_(co + cO)/2, 

^0 _ ^,0 _ ^0 _ ^0 _ 9 
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We parametrize the rank-one matrices in a small neighborhood of 
as follows. 



Ci = (/i + ai) (ei +/?ie2), 

C2 = (/2 + 02) (8) (62 - /32ei) , 

C3 = (-/i + as) ® (ei + /33e2) , 

C4 = (-/2 + 04) ® (e2 - Aei) , 



where ai, . . . , 04 are (small) vectors in R^, and . . . , /34 are (small) real num- 
bers. We linearize the equation "^^k Cfc 
linearized equation is equivalent to 



around the solution C^. 



The 



ai + 03 + (/34 - /32)/2 = 0, 
02 + 04 + (/?i - /?3)/i = 0. 

Using these formulae and the above expressions for Af^., we easily check (with 
the help of the implicit-function theorem) that the four-tuples (Mi, . . . , M4) of 
the 4x2 matrices which are close to {M^, . . . , M4 ) and form r4-configuration 
such that the parameters P, Cj, Kj are close to P^,C^, form a 24-dimensional 
manifold M. The tangent space 

Lm of M at the point (M?, . . . , Ml) can be 
identified with four-tuples (Zi, . . . , Z4) of 4 x 2 matrices of the form 



Z^ = 



Z2 



Zz = 



Z4 



( Pii 

P21 

P31 

V P41 

( Pn 
P21 

P31 
\ P41 

( Pll 
P2I 

P31 

V P41 

( PU 
P2I 
P31 
\ P41 



+ 2a2i P22 

+ 2031 P32 ' 

+ 2041 + k'i P42 + 2(3[ I 

+ ail P12 + 2ai2 + (3'i '\ 

+ 021 - 2/^2 P22 + 2a22 + /«2 

+ aai - 2/3^ P32 -I- 2032 + K2 

+ a^i P42 + 2a42 + /?( / 

- an - «;3 P12 + ai2 - 2/3^ + \ 

- 021 + '^I^'a P22 + 022 

- ^31 + P'2- 2/^4 P32 + 032 

- 041 - /C3 P42 a42 - 2/?^ + /?W 

P12 - ai2 +P'3-f3'i\ 
+ /34 P22 - 022 - /^4 

+ Pa P32 - 032 - /«4 

P42 - 042 + P's- f3'i J 



where the values of all the 24 parameters run through all real numbers. More- 
over, there is a well-defined mapping (Mi, . . . , M4) (Pi, . . . , P4) from M to 
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the four-tuples of 4 x 2 matrices, where (in the notation introduced in the def- 
inition of r4-configuration) Pi = P, P2 = Pi + Ci, P3 = P2 + C2, P4 = P3 + C3 
as above. 

We now consider the additional constraint S K, where K is the set 
determined by F. The four-tuples (Mi,...,M4) satisfying Mk G K clearly 
form a 16-dimensional manifold ]C = KxKxKxK. The tangent space L/c 
of /C at {Ml, . . . , M4 ) can be identified with the four-tuples 

( Xi W X2 \ ( Xs W X4 

\^ D^F{Ai)XiJ J ' D''F{A2)X2J J ' D''F{As)XsJ J ' L>2^(^4)X4 J 

where Xi, . . . , X4 run through all 2 x 2 matrices. 

We now consider the maps (Mi, . . . , M4) (M^., P^), where is defined 
as above and where we denote (with a slight abuse of notation) by the 
orthogonal projection of the point into the space (Ta^K)-^, the normal space 
of K at A).. We would like to establish the following nondegeneracy conditions, 
which will be important later when we construct in-approximations. 

Condition (C). M and JC intersect transversely at {Mi,...,M2) and, 
(after M is perhaps replaced by a sufficiently small neighborhood of 
{M^, M2) in M) the map (Mi, . . . , M4) {Mk,Pl^) is, for each k, a non- 
degenerate diffeomorphism of n and a neighborhood of (M^, {Pj^Y) in 
K X {Ta,K)^. 

Rather than trying to decide whether these nondegeneracy conditions are 
satisfied for an explicitly given function F, it seems to be more natural to verify 
that the conditions are satisfied in the generic case. More specifically, we note 
that for each smooth compactly supported function y:M^^^ R the func- 
tion P = Pi -|- eV is strongly quasi-convex for sufficiently small e. By choosing 
y in a suitable way, we can perturb D'^F{Ai), . . . D'^F{A4^) to any prescribed 
values which are close enough to the original values, without changing the val- 
ues of DF{Ai), . . . , DF{A4), and without affecting the strong quasi-convexity. 
For the purpose of the construction of the counterexample announced at the 
beginning of this section, we can therefore restrict our considerations to the 
generic case. 

Lemma 4.5. Assume that DF{Ak) = DFi{Ak) for k = 1,2,3,4. Then 
condition (C) above is satisfied for the generic values of D'^F{Ak), A; = 1, ... ,4. 

Proof. The condition that M and /C intersect transversely at (M°, . . . , M4 ) 
and that the map (Mi, . . . , M4) (Mi, P[) is a nondcgcnerate diffeomorphism 
of a small neig hborhood of {M^, . . . , M^) in M n /C and a neighborhood of 
(Ml , (Pi )') in K X (Ta^K)-^ is easily seen to be equivalent to the condition 
that the following linear homogeneous system of 40 equations for 40 unknowns 
has no nontrivial solutions. 
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[ \ ^ ^2^(^^) ( PU P12 \ 

\ P41 P42 J \ P21 P22 J 

Xl = 0, 

where Zj = Zjip^i, aki,P'j^, n'j^) (with fc = 1, 2, 3, 4, I = 1, 2) are the 4x2 matri- 
ces introduced above and Xi,X2.,X^,Xi are 2x2 matrices. The determinant 
of the corresponding 40 x 40 matrix is a polynomial expression in the entries 
of the matrices D'^F{Aj) (which are now considered as parameters), and will 
be denoted by Qi. The polynomial Qi is not identically zero, since for 

D^F{Ai) = I, D^F{A2) = I, D^F{A3) = 0, D'^F{A4) = I 

we can check by a straightforward calculation that the system has no nontrivial 
solutions. 

By using symmetry we see that, for each k = 1,2, 3, 4, the condition that 
Ai and /C intersect transversely at {Mf, . . . , M4 ) and that the map (Mi, . . . , M4) 
— > {Mk,P'j^) is a nondegenerate diffeomorphism of a small neighborhood of 
{M[, . . . , M4O) in M n /C and a neighborhood of (M^, {P^)') in x {Ta^K)^ 
can be expressed as 7^ 0, where is a suitable nonzero polynomial in the 
entries of the matrices D'^F{Aj). Hence all of our nondcgencracy conditions 
will be satisfied at all values of D^F{Aj) where the polynomial Q = Q1Q2Q3Q4 
does not vanish. Since Q is not identically zero, the result follows. 

4.3. In- approximation. To be able to use Theorem 3.2, we need to have a 
suitable in-approximation. 

Lemma 4.6. Using the notation above, assume that condition (C) is 
satisfied. Let r > 0. Then there exists an in-approximation {Ui}^i of 

Kr = U^=i{X G M''^^ \X - M°| <r}f\K 

such that lAi contains a (small) neighborhood of the rank-one convex hull of 
the points P^,...,P^. 

Proof Let O be a sufficiently smaU neighborhood of (M^ , , , M2) 
in MnfC C (M^^2-)4 rpj^g j^^jj^ pqJ^^ -g fQj. ^ ^ 1,2,3,4, the 

image of O under the map (Mi, M2, M3, M4) Pfc(Mi, M2, M3, M4) is open 
in Af^^, whereas the image of O under the projections (Afi, M2, M3, M4) 
— > Mfc is not (since M^ G K). We will therefore consider convex combinations 
(1 — A)Pjk-|-AMfe with A ^ 1 to construct an in-approximation of K (see Fig. 2). 
We now describe the details. 
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Figure 2. Schematic illustration of the sets ^^2,^3,^/4 C M"^^^. The 
solid (resp. dashed, or dotted) lines through the point M° are the 
projections of the set C'2(resp. O3, or ©4) C M n K. C (M^^2)4 
to the first component. They are not open in M^^^ since they 
are contained in K. The shaded set VF4 is the image of O4 un- 
der the map (Mi, M2, M3, M4) Pi(Mi, M2, M3, M4) and it is 
open in M^^^ gy p ^ Pi(Mi, M2, M3, M4) we denote a typ- 
ical point in W4. A typical point Q in Ui^i C U-i is given by 
(l-A4)Pi(Mi, M2, M3, M4)+A4Mi, where (Mi, M2, M3, M4) € O4. 

We consider a sequence Oo,0i,02 ■ ■ ■ C O of open neighborhoods of 
(Mi,...,M4) in M. f] fC, such that each Oj is diffeomorphic to the eight- 
dimensional unit ball and that, for each j = 0, 1, 2, . . . wc have Oj C Cj+i- We 
also consider a sequence of numbers = Aq, 1/2 < Ai < . . . < Aj < . . . < 1 
converging to 1 as j — > 00. For j = 0, 1, 2, . . . we let 

Uk,j = {(1 - Xj)Pk + XjMk, (Ml, . . . , M4) G Oj}, 

where = Pfc(Mi, . . . , M4) is the map considered in subsection 4.2. We also 
let Uj = u'^ZfUkj- Condition (C) implies that there exists jo such that the 
sets Uj are open when j > jo and O is sufficiently small. To see this, consider 
for example k = 1 and let us write points Mi G K which are close to M^ as 
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Mi = M^ + X + ^(X), with X ^Ta^K and ^{X) G {Ta^K)^. We can also 
write Pi= + Y + r] with Y G {Ta^K)^ and rj G Ta^K. If condition (C) is 
satisfied, we know that, in a small neighborhood of {M^, . . . , M^), we can take 
X and Y as local coordinates in R /C. For (Mi, . . . , M4) G H /C which 
is close to (Ml, . . . , M4 ) and Pi = Pi (Mi, . . . , M4), we can therefore write the 
77— component of Pi in the above decomposition as = ry(X, 1"), where r/ is a 
smooth function of X and Y with 77(0, 0) = 0. In the coordinates (X, y), the 
derivative of the map (X, F) — >■ (1 — A)Pi + AMi is given by the block matrix 

/ \I + {l-\)dxr} (l-A)arr? \ 
\^ \dx^ (1 - A)/ ]■ 

Since 9x^(0) = 0, we see that the matrix is regular when X is small and A is 
close to 1. The openess of U\^j for large A close (but not equal) to 1, and 
small O follows. 

By Lemma 4.7 below, the closure of lAj (and hence the closure of its rank- 
one convex hull) is contained in the rank-one convex hull of Uj-\-i. Moreover, 
the rank-one convex hull of Uq contains a neighborhood of the square given by 
the convex hull of the points P^, . . . ,P2 (which coincides with the rank-one 
convex hull of these points, since the points lie in a two-dimensional plane). 
The required in-approximation has therefore been established. 

Lemma 4.7. Using the notation introduced in the proof of Lemma 4.6 
the following is true. For each j = 1,2, ... , the set Uj is contained in ^j+i, 
and each A G Uj^k is the center of mass of a laminate /i = Ylt=i l^i^Yi, with 
Yi G Uij+i- Moreover, when Xj is sufficiently close to 1 and O is sufficiently 
small, we can achieve in addition that 

IJ'k > 1 - i^j+i — ^j) ) 
\Yk-A\ < 2|MO-pO|(A,+i-A,), 
W > (Aj+i - Aj)/8, for I 7^ k. 



Proof. To simplify the notation suppose A G Uij. Then there exist 

(Mi,M2,M3,M4) eO] C Oj+i such that ^ = (1 - Aj)Pi + XjMi, where 
Pi = Pi(Mi, Af2. M3, A'U). Let Yi = {l- Xj+i)Pi + Xj+iMi (see Fig. 3). Then 
A is the center of mass of the laminate 

Aj+i Aj+i 

and \Yi -A\ = |Mi - Pi|(A,+i - A,) < 2|MiO - Pi°|(A,+i - A,). 

By Lemma 4.4 the point Pi is the center of mass of a unique lami- 
nate Tj = Y^f^iaiSvi supported on the T4 configuration {Yi,Y2,Ys,Y4), where 
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Figure 3. The point A € Z//i,2 lies in the rank-1 convex hull of the 
points Yi,Y2,Y3,Y4eU3. 

the coefficients ai are given by equation (4). Since Pi and Yi differ by a 
rank-one matrix the measure 

= T^5r, + (1 - T^)r/ 

is a laminate with center of mass A. If O is small and Xj is close to 1, the 
numbers Pi in (4) are close to 1/2, and an elementary calculation gives our 
estimates. 

4.4. Solutions with nowhere continuous gradients. 

Proof of Theorem 4.1. The main idea of the proof is described in heuristic 
terms in the remarks immediately following the theorem. In the proof below 
we will be freely using the notation introduced earlier in Section 4. 

We recall that Ai,. . . ,A4 are defined as follows: 

^^=(0 -?)'^^=(i 3)'^^=("o 

see Section 4.1 . We let Fq be a suitable small perturbation of the quasiconvex 
function Fi from Lemma 4.3 such that DFo(^ifc) = DFi{Ak) for A; = 1, . . . , 4 
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and condition (C) is satisfied. Since the transversality and the other non- 
degeneracy conditions are stable under small perturbations, a version of (C) 
with Ml, . . . , M4 replaced by close-by matrices . . . , M4 will also be satis- 
fied for any F as in the statement of the theorem, provided S is sufficiently 
small. Moreover, we see easily that by choosing 5 sufficiently small we can also 
achieve that Lemma 4.6 can be applied (with M^, . . . , M4 replaced by close-by 
matrices M° . . . , M4 ) with a fixed small r > to any set K arising from a 
function F satisfying the assumptions of the theorem. In addition, we see eas- 
ily that the in-approximations can be constructed so that Ui contains a fixed 
small neighborhood of the zero matrix for any F satisfying the assumptions. 
Let us choose £ > so that the ball of radius £ centered at the zero matrix 
is contained in this fixed small neighbourhood. We see that the assumptions 
of Theorem 3.2 are satisfied in our situation. However, it does not seem to 
be immediately clear that the solutions obtained from Theorem 3.2 are not 
continuously differentiable in any open subset of CI. To obtain such solutions 
in a simple way, we make the construction more explicit and impose some ad- 
ditional conditions on the approximations so that the nowhere differentiability 
of the limit is easy to see. 

Let {Xj} and r > be as in Lemma 4.6, and assume (as we can without loss 
of generality) that r is sufficiently small. Let Uj denote the in-approximation 
constructed in Lemma 4.6. Let (f): M^^'^ ^ R be be a continuous function 
which is = 1 in {X; \X\ < 2r} and vanishes outside {X, \X\ < 3r}. For 
Z = 1, 2, 3, 4 set (piiX) = (/){X — Mi^). Assume now that e is as above, v.Q —>■ 
is as in Theorem 4.1 and let £1: f2 — ^ R be a continuous function in Q, which 
/ V \ 

is > 0. Let w = I p I . We will now go through constructions involved in 

the proof of Theorem 3.2 in more detail and construct a sequence of functions 
Wj-.Cl R^ together with a sequence J^j of families of open subsets of so 
that the following conditions are satisfied. 

(i) The sets in J^j are open, mutually disjoint, contained in $7 together with 
their closures, and cover O up to a set of measure zero; 

(ii) Each set of J^j^i is contained in a set of J^j (where j, I > I); 

(iii) supjdiamy; V € J-j} ^ as j ^ 00; 

(iv) Vwj is constant on V for each V & J-'j; 

(v) Vwj G Uj a.e. in J7; 

(vi) \wi —w\< £1/2 in CI and \wj+i — Wj\ < 2'~^~^£i in CI, {j = 1,2,...). 

In addition, the following conditions, which are crucial for the desired behavior, 
are satisfied when j is sufficiently large. 
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(vii) (L^ -convergence ofVwj) We have iVwj+i—S/wjl < ^(Aj+i— Aj) meas O 
for a suitable constant L; 

(viii) {Persistence of oscillations) For each V € J^j and each / G {1,2,3,4}, 

(5) / 4>i{Vwj-^i) > ^(Aj+i — Aj) meas y and 
Jv 8 

(6) J^UVw,+,) > {l-{Xj+,-Xj))J^<Pi{^wj). 

Once the existence of {wj} and {J^j} satisfying (i)-(viii) is estabhshed, we 
can consider Woo = hnij^ooUJj- Prom (v)-(vii) we infer that Woo is Lipschitz, 
with Vwoo € K a.c. in ft. Moreover, using (ii), (vii), and (viii) we see that, for 
each sufficiently large j and V & J^j, 

/ M^'^oo) = lim / (f)i{VWm) 

Jv 

> lim (1 - (Am - Am-i)) ... (1 - {Xj+2 - Aj+i)) / (pi{Wwj+i) 

This, together with (iii) implies that the essential oscillation of Vwoo over any 
open set is at least maxi<fc<i<4 |M° — M°|/2, and therefore Woo cannot be 
continuously differentiablc in any open subset of Q. 

To construct {wj} and {J'j}, we proceed by induction. The existence 
of wi and J^i satisfying (i)-(v) and the first inequality of (vi) follows from 
Theorem 3.1. Assume that, for some j > 1 there exist wj and !Fj satisfying 
(i), (iv), and (v). Let V G J^j and assume that Vwj = A in V, with A e Uj. 
Assume that A G l^i.j, for example. By Lemma 4.7, the matrix A is the center 
of mass of a laminate /x = J2t=i IH^Yi-, with Yi G W/j+i. In addition, by the 
same lemma, if j is sufficiently large, 

(7) \Y^~A\ < 2|M0-p0|(A,+i-A,), 

(8) i^i > 1 — (Aj+i — Xj) and 

(9) Hi > {Xj+i - Xj)/8 for each I = 1,2,3,4. 

Prom the remark following the proof of Theorem 3.1 we see that there ex- 
ists a piecewise affine wJ_^_^:V R'^ such that VwJ_^_^ G a.e. 
in V, \wJ_^_l — Wj\ < e\l~^'''^ in V , fwj^i = Wj at the boundary of V , and 
meas {x G V; Vuj]^^ G Uij^i} = fii meas V for each ^ = 1, 2, 3, 4. Wc choose a 
family ^J^i of mutually disjoint open sets of radius < l/(j + 1) which cover 
y up to a set of measure zero and Vvo}-^^ is constant on each of them. We 
can now define ^j+i = Uy^Tj^J+i and tt^j+i: Q, —>■ by = wj_^_i in the 
closure of V for each F G . 
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From (7) and (8) we sec that (vii) is satisfied with 

L = 2\M? -P?\+2 max |MP - MPI. 

In addition, (8) and (9) imply that (viii) is satisfied. The rest of the properties 
(i)-(viii) are immediate consequences of our construction. 

Remark. The above construction is quite similar to the following simpler 
example. Let us consider a sequence < Aq < Ai < ■ ■ ■ Xj < ... < 1, with 
linij^fjoXj = 1. Let X C L°^(0, 1) be the space of all piecewise constant 
functions. For a function f E X with |/| < Xj we define Tjf G X in the 
following way. Let (a, b) be a maximal open interval on which / is constant. 
Let c = (a + b)/2. We find d € (a, c) and e G {c,b) such that the function 
g: (a, 6) ^ R defined by g{x) = —Xj when x G (a, d), g(x) = Xj when x G (d, c), 
g(x) = —Xj when x G (c, e), and (7(x) = Xj when x G (e, 6) has the same average 
as / over the intervals (a, c) and (c, b). We then set Tjf{x) = g{x) for x G (a, 6), 
and repeat the same construction on the other maximal intervals on which / 
is constant. Let < yl < Aq and let /q = A in (0, 1). Set fj^^-i = Tj^ifj. It is 
not difficult to see that the sequence fj converges in L^(0, 1) to a function f^o- 
Moreover, the essential oscillation of /oo over any open set is 2. 

4.5. Linear systems. The examples above can be used to answer open 
questions (raised in [GS 85]) concerning solutions of linear 2x2 systems of the 
form 

(10) do,af{x)di3Vj = Q, i = l,2 

where the coefficients are in L°° and satisfy the strong Legendre-Hadamard 
condition 

a^fix)U^u'^^ > ^lei'l^l' 

for each ^, u G and almost every x. (As usual, u > 0.) In what follows we 
will write the system (10) as div A{x)\/v = 0. 

There is a well known procedure for passing from solutions of nonlinear 
equations to solutions of linear equations with measurable coefficients (see e.g. 
[Mo 66]). We will use it to construct our examples. These examples will be 
based on the following proposition. 

Proposition 4.1. There exist a smooth strictly quasiconvex function 
F: M^^^ R with uniformly bounded D^F and a nontrivial Lip schitz function 
«: R^ — > R^ which vanishes for \x\ > 1 and satisfies (weakly) the equation 
div DF{Vu) = is R2. 

Proof. We will use the notation introduced earlier in Section 4. We note 
that the function Fi from Lemma 4.3 satisfies DFi{0) = and therefore the 
zero matrix belongs to the set Ki C M^^^ corresponding to Fi. Thus, we 
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see that the function Fq in Theorem 4.1 can be taken so that DFo{0) = 0. 
Hence the set K corresponding to F = Fq in Theorem 4.1 can be taken so 
that it contains the zero matrix. We know that there are nontrivial solutions 
of Vtf G K a.c. in which vanish at dQ. Extending w by zero outside il, we 
get solutions with the required properties. 

Proposition 4.2. There exist L"^- coefficients A{x) defined in which 
satisfy the strong Legendre-Hadamard condition such that weak solutions of the 
linear system div A{x)Vv = exhibit the following behavior. 

(i) There exists a compactly supported solution v belonging to the Sobolev 
space W^'"^ but not to W^'"^^^ for any 5 > 0. 

(ii) There exists a sequence vj, j = 1,2,... of Lipschitz solutions which are 
supported in {x, \x\ < 1}, and converge to zero weakly but not strongly in 

Proof. Let F and u be as in Proposition 4.1 and let 

i(x) = D^F{tVu{x)) dt. 
Jo 

Since F is smooth and \D'^F\ < c, A{x) is a well-defined L°°-function. Since 
F is strongly quasiconvex, it is also strongly rank-one convex, and therefore 
A{X) satisfies the Legendre-Hadamard condition. Moreover, we have 

div A{x)Vu = div {DF{Vu{x)) - DF{0)) = in 

in the weak sense. 

Let us consider a sequence Ba^^rj C {a; € R^, |a;| < 1} of mutually disjoint 
balls centered at Oj with radius rj > so that Oj ^ in R^ and rj ^ 0. We 
let 

oo 

A{x) = D'^F{0) + J2{Mrj\x-aj))-D^F{Q)'^ and 

Vj{x) = u{r~^{x - ttj)) , j = 1,2,... . 

The coefficients A{x) are again bounded and satisfy the strong Legendre- 
Hadamard condition. We also have div A{x)Vvj = 0, j = 1,2, . . . . The se- 
quence f 1 , f 2 ) • • • gives (ii) . To obtain (i) , we consider a sequence ci , C2 , . . . sat- 
isfying J2]ti Cj < oo and E^i c5+^ = oo for each S > 0. Then v = cjVj 
has the required properties. 
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